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Abstract
Assuming that neutrinos acquire radiative seesaw Majorana masses through their
interactions with dark matter, i.e. scotogenic from the Greek ’scotos’ meaning dark-
ness, and using the non-Abelian discrete symmetry A4, we propose a model of neu-
trino masses and mixing with nonzero θ13 and necessarily large leptonic CP violation,
allowing both the normal and inverted hierarchies of neutrino masses, as well as quasi-
degenerate solutions.
In 2006, a one-loop mechanism was introduced [1] linking neutrino mass with dark matter.
The idea is very simple. The standard model of particle interactions is extended to include
a second scalar doublet (η+, η−) which is odd under an exactly conserved Z2 symmetry [2],
as well as three neutral fermion singlets Ni which are also odd under Z2. This requirement
immediately allows the possibility of having the real (or imaginary) part of η0 as a dark-
matter candidate, which was first pointed out also in Ref. [1]. As shown in Fig. 1, this
results in the radiative generation of seesaw Majorana neutrino masses from dark matter,
i.e. scotogenic from the Greek ’scotos’ meaning darkness.
ν νN N
η0 η0
〈φ0〉 〈φ0〉
×
Figure 1: One-loop generation of scotogenic Majorana neutrino mass.
The non-Abelian discrete symmetry A4 was introduced [3, 4, 5] to achieve the seemingly
impossible, i.e. the existence of a lepton family symmetry consistent with the three very
different charged-lepton masses me, mµ, mτ . It was subsequently shown [6] to be a natural
theoretical framework for neutrino tribimaximal mixing, i.e. sin2 θ23 = 1, tan
2 θ12 = 0.5, and
θ13 = 0. This pattern was consistent with experimental data until recently, when the Daya
Bay Collaboration reported [7] the first precise measurement of θ13, i.e.
sin2 2θ13 = 0.092± 0.016(stat)± 0.005(syst), (1)
followed shortly [8] by the RENO Collaboration, i.e.
sin2 2θ13 = 0.113± 0.013(stat)± 0.019(syst). (2)
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This means that tribimaximal mixing is not a good description, and more importantly,
leptonic CP violation is now possible because θ13 6= 0, just as hadronic CP violation in the
quark sector is possible because Vub 6= 0.
Recently, it was shown [9] that A4 is still a good symmetry for understanding this pattern,
using a new simple variation of the original idea [6]. In that proposal, neutrinos acquire
Majorana masses through their direct interactions with Higgs triplets. We study here instead
the corresponding scenario with the radiative mechanism of Fig. 1.
The symmetry A4 is that of the even permutation of four objects. It has twelve elements
and is the smallest group which admits an irreducible three-dimensional representation. Its
character table is given below. The basic multiplication rule of A4 is
3× 3 = 1 + 1′ + 1′′ + 3 + 3. (3)
As first shown in Ref. [3], for (νi, li) ∼ 3, lci ∼ 1, 1′, 1′′, and Φi = (φ0i , φ−i ) ∼ 3, the charged-
class n h χ1 χ1′ χ1′′ χ3
C1 1 1 1 1 1 3
C2 4 3 1 ω ω
2 0
C3 4 3 1 ω
2 ω 0
C4 3 2 1 0 0 –1
Table 1: Character table of A4.
lepton mass matrix is given by
Ml =


v1 0 0
0 v2 0
0 0 v3




1 1 1
1 ω2 ω
1 ω ω2




f1 0 0
0 f2 0
0 0 f3

 , (4)
where vi = 〈φ0i 〉 and ω = e2πi/3 = −1/2 + i
√
3/2. For v1 = v2 = v3 = v/
√
3, we then obtain
Ml = 1√
3


1 1 1
1 ω2 ω
1 ω ω2




me 0 0
0 mµ 0
0 0 mτ

 , (5)
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where me = f1v, mµ = f2v, mτ = f3v. The original A4 symmetry is now broken to the
residual symmetry Z3, i.e. lepton flavor triality [10], with e ∼ 1, µ ∼ ω2, τ ∼ ω. This is a
good symmetry of the Lagrangian as long as neutrino masses are zero. Exotic scalar decays
are predicted and may be observable at the Large Hadron Collider (LHC) in some regions
of parameter space [11, 12].
To obtain nonzero neutrino masses, we assign η ∼ 1 and Ni ∼ 3 under A4. We also add
the scalar singlets σi ∼ 3 with nonzero 〈σi〉. The resulting 3 × 3 Majorana mass matrix for
Ni is then
MN =


A F E
F A D
E D A

 , (6)
which is the analog of
Mν =


a f e
f a d
e d a

 , (7)
considered in Ref. [9]. (A better way to enforce Eq. (6) is to postulate gauged B − L and
assume complex neutral scalars which transform as 1, 3 under A4, in complete analogy to
the scalar triplets of Ref. [9].) Instead of enforcing E = F = 0 which is required for tribi-
maximal mixing, we assume here that F = −E which may be maintained by an interchange
symmetry [6, 13].
Consider now the tribimaximal basis, i.e.


νe
νµ
ντ

 =


√
2/3 1/
√
3 0
−1/√6 1/√3 −1/√2
−1/√6 1/√3 1/√2




ν1
ν2
ν3

 . (8)
Since ν1,2,3 are connected to N1,2,3 through the identity matrix, we find
M(1,2,3)N =


A+D 0 0
0 A C
0 C A−D

 , (9)
where C = (E − F )/√2 = √2E.
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The diagram of Fig. 1 is exactly calculable from the exchange of Re(η0) and Im(η0) and
is given by [1]
(Mν)ij =
∑
k
hikhjkMk
16pi2
[
m2R
m2R −M2k
ln
m2R
M2k
− m
2
I
m2I −M2k
ln
m2I
M2k
]
, (10)
where
∑
k hik(hjk)
∗ = |h|2δij, and mR,I are the masses of
√
2Re(η0) and
√
2Im(η0), respec-
tively. In the limit m2R − m2I = 2λ5v2 is small compared to m20 = (m2R + m2I)/2, and
m20 << M
2
k , Eq. (10) reduces to
(Mν)ij = λ5v
2
8pi2
∑
k
hikhjk
Mk
[
ln
M2k
m20
− 1
]
. (11)
In the tribimaximal basis of Eq. (9), we then have
hik = h


1 0 0
0 cos θ − sin θeiφ
0 sin θe−iφ cos θ




eiα
′
1
/2 0 0
0 eiα
′
2
/2 0
0 0 eiα
′
3
/2

 , (12)
with
(
cos θ sin θeiφ
− sin θe−iφ cos θ
)(
A C
C A−D
)(
cos θ − sin θe−iφ
sin θeiφ cos θ
)
=
(
eiα
′
2M2 0
0 eiα
′
3M3
)
.
(13)
The neutrino mixing matrix U has 4 parameters: s12, s23, s13 and δCP [14]. We choose
the convention Uτ1, Uτ2, Ue3, Uµ3 → −Uτ1,−Uτ2,−Ue3,−Uµ3 to conform with that of the
tribimaximal mixing matrix of Eq. (8), then
M(1,2,3)ν = UTTBU


eiα1m′1 0 0
0 eiα2m′2 0
0 0 m′3

UTUTB, (14)
where m′1,2,3 are the physical neutrino masses, with
m′2 =
√
m′1
2 +∆m221, (15)
m′3 =
√
m′1
2 +∆m221/2 + ∆m
2
32 (normal hierarchy), (16)
m′3 =
√
m′1
2 +∆m221/2−∆m232 (inverted hierarchy). (17)
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We now diagonalize M(1,2,3)ν using
UǫM(1,2,3)ν UTǫ =


eiα
′
1m′1 0 0
0 eiα
′
2m′2 0
0 0 eiα
′
3m′3

 , (18)
from which we obtain U ′ = UTBU
T
ǫ . To obtain U with the usual convention, we rotate the
phases of the µ and τ rows so that U ′µ3e
−iα′
3
/2 is real and negative, and U ′τ3e
−iα′
3
/2 is real
and positive. These phases are absorbed by the µ and τ leptons and are unobservable. We
then rotate the ν1,2 columns so that U
′
e1e
−iα′
3
/2 = Ue1e
iα′′
1
/2 and U ′e2e
−iα′
3
/2 = Ue2e
iα′′
2
/2, where
Ue1 and Ue2 are real and positive. The physical relative Majorana phases of ν1,2 are then
α1,2 = α
′
1,2 + α
′′
1,2. The three angles and the Dirac phase are extracted according to
tan2 θ12 = |U ′e2/U ′e1|2, tan2 θ23 = |U ′µ3/U ′τ3|2, sin θ13e−iδCP = U ′e3e−iα
′
3
/2. (19)
The effective Majorana neutrino mass in neutrinoless double beta decay is then given by
mee = |U2e1eiα1m′1 + U2e2eiα2m′2 + U2e3m′3|. (20)
In Eq. (9), let A be real and positive by convention, then both C and D may be complex,
i.e. C = CR + iCI and D = DR + iDI . The 2 × 2 matrix of Eq. (13) can be solved exactly
to yield
tanφ =
CRDI − CIDR
CR(2A−DR)− CIDI , (21)
tan 2θ =
2[4A2C2R − 4ACR(CRDR + CIDI) + (C2R + C2I )(D2R +D2I )]1/2
2ADR − (D2R +D2I )
, (22)
with
eiα
′
2M2 = cos
2 θA + 2 sin θ cos θeiφC + sin2 θe2iφ(A−D), (23)
eiα
′
3M3 = cos
2 θ(A−D)− 2 sin θ cos θe−iφC + sin2 θe−2iφA. (24)
The corresponding U ′ elements are
U ′e1 =
√
2
3
, U ′e2 =
cos θ√
3
, U ′e3 = −
sin θ√
3
e−iφ, (25)
U ′µ3 = −
cos θ√
2
− sin θ√
3
e−iφ, U ′τ3 =
cos θ√
2
− sin θ√
3
e−iφ. (26)
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If we absorb the scale factor λ5h
2v2/8pi2 into the parameters A,C,D as well as m0, then
the mass eigenvalues of Eq. (11) are given by
m′k =
1
Mk
[
ln
M2k
m20
− 1
]
, (27)
which are the ones used in Eqs. (14) and (18). Since m0 is an unknown, having to do with
the dark-matter scalar mass, we fix it by requiring M1/m0 = 10, where M1 = |A+D|. If we
input the five parameters A,CR, CI , DR, DI , we will obtain m
′
1,2,3 as well as the three mixing
angles and the three CP phases. For our numerical analysis, we set
∆m221 = 7.59× 10−5 eV2, ∆m232 = 2.45× 10−3 eV2, (28)
and vary θ13 in the range
sin2 2θ13 = 0.05 to 0.15. (29)
Following Ref. [9], we look for solutions with sin2 2θ23 = 0.92 and 0.96. Whereas only normal
hierarchy is allowed in the model of Ref. [9], we find solutions for both normal and inverted
hierarchies, as well as quasi-degenerate solutions, as detailed below.
The predictions of this model regarding mixing angles are basically the same as in Ref. [9]
for the special case of b = 0 there. Using Eqs. (19), (25), and (26), we find
tan2 θ12 =
1− 3 sin2 θ13
2
, (30)
tan2 θ23 =
(
1−
√
2 sin θ13 cos φ√
1−3 sin2 θ13
)2
+ 2 sin
2 θ13 sin2 φ
1−3 sin2 θ13(
1 +
√
2 sin θ13 cosφ√
1−3 sin2 θ13
)2
+ 2 sin
2 θ13 sin2 φ
1−3 sin2 θ13
. (31)
The conventionally defined Dirac CP phase is given by δCP = φ+α
′
3/2, where α
′
3 is defined
in Eq. (18) and depends on the specific values of Eq. (9). For sin θ13 = 0.16, corresponding
to sin2 2θ13 = 0.1, this predicts tan
2 θ12 = 0.46. If Im(C) = 0, then δCP = α
′
3 = 0, so this
would predict sin2 2θ23 = 0.80 which is of course ruled out. Using sin
2 2θ23 > 0.92, we find
in this case | tanφ| > 1.2.
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For each of the two values sin2 2θ23 = 0.92 and 0.96, we obtain 5 representative solutions,
all as functions of sin2 2θ13. Using Eq. (30), we plot sin
2 2θ12 versus sin
2 2θ13 in Fig. 2. The
0.06 0.08 0.10 0.12 0.14
0.850
0.855
0.860
0.865
0.870
0.875
sin22Θ13
sin
2 2
Θ
12
Figure 2: sin2 2θ12 versus sin
2 2θ13.
characteristic features of the 5 solutions are listed in Table 2. For Im(D) = 0, we find one
solution Im(D) class | tan δCP | mee
I 0 IH 2.05 0.020
II Re(D) IH 4.64 0.022
III 0 NH 3.59 0.002
IV 0 QD 2.20 0.046
V Re(D) QD 1.84 0.051
Table 2: Five representative solutions. Three have Im(D) = 0, and two have Im(D) =
Re(D). NH denotes normal hierarchy of neutrino masses, IH inverted, and QD quasi-
degenerate. The values of | tan δCP | and mee (in eV) are for sin2 2θ23 = 0.96 and sin2 2θ13 =
0.10.
solution for inverted ordering of neutrino masses, and two solutions for normal ordering (one
of which is quasi-degenerate). For Im(D) = Re(D), we again find one solution for inverted
ordering, but the only solution for normal ordering is quasi-degenerate.
In Fig. 3 we show the physical neutrino massesm′1,2,3 and the effective mass in neutrinoless
double beta decaymee (in eV) as well as the model parameters (in eV
−1) for solution (I) in the
case sin2 2θ23 = 0.96. In Figs. 4-7 we show the same quantities for solutions (II),(III),(IV),(V)
8
in the cases of sin2 2θ23 = 0.92, 0.96, 0.92, 0.96 respectively. Finally we show in Fig. 8 the
values of | tan δCP | for all 5 solutions in the case of sin2 2θ23 = 0.92. It is claer that at
sin2 2θ13 = 0.10, large | tan δCP | is predicted.
Acknowledgments: This work is supported in part by the U. S. Department of Energy
under Grant No. DE-AC02-06CH11357. The work of A.R. is supported in part by the Na-
tional Science Foundation under Grant No. NSF PHY-1068052 and in part by the Graduate
Student Council Research Grant Award 2012-2013. A.R. thanks the University of California,
Riverside for hospitality.
References
[1] E. Ma, Phys. Rev. D73, 077301 (2006).
[2] N. G. Deshpande and E. Ma, Phys. Rev. D18, 2574 (1978).
[3] E. Ma and G. Rajasekaran, Phys. Rev. D64, 113012 (2001).
[4] E. Ma, Mod. Phys. Lett. A17, 2361 (2002).
[5] K. S. Babu, E. Ma, and J. W. F. Valle, Phys. Lett. B552, 207 (2003).
[6] E. Ma, Phys. Rev. D70, 031901 (2004).
[7] Daya Bay Collaboration: F. P. An et al., Phys. Rev. Lett. 108, 171803 (2012)
[arXiv:1203.1669 [hep-ex]].
[8] RENO Collaboration: J. K. Ahn et al., Phys. Rev. Lett. 108, 191802 (2012)
[arXiv:1204.0626 [hep-ex]].
[9] H. Ishimori and E. Ma, arXiv:1205.0075 [hep-ph].
[10] E. Ma, Phys. Rev. D82, 037301 (2010).
[11] Q.-H. Cao, S. Khalil, E. Ma, and H. Okada, Phys. Rev. Lett. 106, 131801 (2011).
[12] Q.-H. Cao, A. Damanik, E. Ma, and D. Wegman, Phys. Rev. D83, 093012 (2011).
[13] E. Ma and D. Wegman, Phys. Rev. Lett. 107, 061803 (2011).
[14] Particle Data Group: K. Nakamura et al., J. Phys. G: Nucl. Part. Phys. 37, 075021
(2010).
9
0.06 0.08 0.10 0.12 0.14
-100
-50
0
50
sin22Θ13
Pa
ra
m
et
er
sH
eV
-
1 L
ReHDL
ReHCL
ImHCL
A
0.06 0.08 0.10 0.12 0.14
0.02
0.03
0.04
0.05
0.06
sin22Θ13
M
as
se
sH
eV
L
mee
m3
¢
m2
¢
m1
¢
Figure 3: A4 parameters and the physical neutrino masses and effective neutrino mass mee in
neutrinoless double beta decay for the inverted hierarchy with Im(D)=0 and sin2 2θ23 = 0.96.
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Figure 4: A4 parameters and the physical neutrino masses and effective neutrino mass mee in
neutrinoless double beta decay for the inverted hierarchy with Im(D)=Re(D) and sin2 2θ23 =
0.92.
10
0.06 0.08 0.10 0.12 0.14
0
50
100
150
sin22Θ13
Pa
ra
m
et
er
sH
eV
-
1 L
ReHDL
ReHCL
ImHCL
A
0.06 0.08 0.10 0.12 0.14
0.00
0.01
0.02
0.03
0.04
0.05
sin22Θ13
M
as
se
sH
eV
L
mee
m3
¢
m2
¢
m1
¢
Figure 5: A4 parameters and the physical neutrino masses and effective neutrino mass mee in
neutrinoless double beta decay for the normal hierarchy with Im(D)=0 and sin2 2θ23 = 0.96.
0.06 0.08 0.10 0.12 0.14
0
5
10
15
20
25
sin22Θ13
Pa
ra
m
et
er
sH
eV
-
1 L
ReHDL
ReHCL
ImHCL
A
0.06 0.08 0.10 0.12 0.14
0.0
0.1
0.2
0.3
0.4
sin22Θ13
M
as
se
sH
eV
L
mee
m3
¢
m2
¢
m1
¢
Figure 6: A4 parameters and the physical neutrino masses and effective neutrino mass mee
in neutrinoless double beta decay for quasi-degenerate neutrino masses with Im(D)=0 and
sin2 2θ23 = 0.96.
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Figure 7: A4 parameters and the physical neutrino masses and effective neutrino mass mee
in neutrinoless double beta decay for quasi-degenerate neutrino masses with Im(D)=Re(D)
and sin2 2θ23 = 0.96.
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